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Abstract. Using the theory of Stienstra and Beukers [9], we prove 
various elementary congruences for the numbers 

. ft)"®"- •■£)"■ — 

»1,»2...H,>0 

*i+«a + - 

To obtain that, we study the arithmetic properties of Fourier coefficients 
of certain (weakly holomorphic) modular forms. 



1. Introduction and statement of results 
Consider the family of elliptic curves given by the Legendre equation 

y 2 = X (X- l)(x-t), teC, 

whose period integrals 

C 1 dx f°° dx 



h \J x{x — l)(x — t) ' 7i \/x(x — l)(x — t) 

are solutions of the differential equation of Picard-Fuch type 

t(t - 1)0" (t) + (2t - l)Q'{t) + -n(t) = 0. 

One finds that ^(t) = tt 2 Fi (|, |; 1, t) , where 

n=0 

is the Gauss hypergeometric function. This further gives identity 



i.i) «M = ^g.i;i,i«(r))=E(^) 



i(r)» 



n=0 

2 



Throughout the paper, r G H, q = e nlT , 9{r) = (j2 ne %q n2 ^j is the classical 
weight 1 theta series, and l(r) = q — 8g 2 +44g 3 — 192g 4 + - • • is the normalized 
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elliptic modular lambda function (hauptmoduln for T(2)). For more details 
see [3]. 

In this paper, we identify certain (weakly holomorphic) modular forms 

f(T) = P(l(T))6\r)^±, 

for some P(t) G Z[t], and k G N, whose Fourier coefficients are easily 
understood in terms of elementary arithmetic (e.g. a spliting behavior of 
primes in the quadratic extensions). Using identity ( II. ip . we exploit the 
relation (via formal group theory) between the coefficients of the power 

series P(t) 2 F 1 Q, |; 1, 16t) k , and Fourier coefficients of /(r) to prove some 
elementary congruences for the numbers 

Beukers and Stienstra [9] invented this approach to study congruence 
properties of Apery numbers 



OO y 

B(n) = £ ( 

fc=0 ^ 



n + k\ ( 2 



Using the formal Brauer group of some elliptic K3-surface, they proved that 
for all primes p, and m, r G N with m odd 

5 f ^ ~ ^ -a(p)S f ^ " ^ + (-l)^ 2 5 f = (mod f 



where rf(Ar) = Y^Li a(n)g 2n . 

Many authors have subsequently studied arithmetic properties of B(n)'s 
and discovered similar three term congruence relations for other Apery like 
numbers. For related work see [TJ EJ El [7J [TUl [11] . 

In contrast to these result, the novelity of this paper is that we use fam- 
ilies of modular forms, as well as the weakly holomorphic modular form to 
extract information about congruence properties of numbers A^[n). In par- 
ticular, even though Foureier coefficients of weakly holomorphic modular 
forms do not satisfy three term relation satisfied by coefficients of Hecke 
eigenforms, they sometimes satisfy three term congruence relation of Atkin 
and Swinnerton-Dyer type (see [1]), which then give rise to the three term 
congruence relations satisfied by corresponding Apery like numbers. 

Let A be the free subgroup of SL^Z) generated by the matrices A = (of) 
and£ = (1°). Notethatr(2) = {±1} A, and that r x (4) = ( ^ ° ) A( ^ °)~ 
Divisors of 9(t), 1(t), and 1 — 16/(r) are suported at cusps. For an integer 
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k, we denote by M^.(A) and Sfc(A) the spaces of modular forms and cusp 
forms of weight k for group A. 

First we identify some (weakly holomorphic) modular forms for A that 
have "simple" Fourier coefficients. 

Theorem 1.1. 

For n G N, let 

CO 

h n {r) = 9{rf n+ \l - m{r))^H{r) 2n = ]T a n (m)q m . 

m=l 

Then h n {r) G S 6n+ i(A), and for a prime p = (— l) n+1 (mod 4), we have 
that a n {p) = 0. 

Theorem 1.2. 

a) The modular form 

CO 

h{r) = Z(r)(l - 16/(r))^(r) 5 = $>(n)9» G M 5 (A) 

n=l 

is the cusp form with complex multiplication by Q(i). In particular, 
for a prime p > 2 we have 

h n - / 2x4 ~ 12x2 V 2 + 2 V A ^fP= l ( m °d 4 ), and p = x 2 + y 2 , 
bl[p) ~ \ ifp = 3 (mod 4). 

b) For an integer n > 2, the Fourier coefficients C\{n) of the weakly 
holomorphic modular form g\{r) = Z(t) 2 (1 — 16Z(t)) 2 #(t) 5 = X^2 c i( n 
satisfy the following congruence relation 

6i(n) = 108ci(ra) (mod n 3 ). 

c) For integer n > 1, let 

CO 

/ n (r) = £(r) 6 «- 6 (l - 16/(r))LVJ/ (r) 2-2 /i(r) = ^ 6n(m) ^ 

m=l 

Then for a prime p = (— l) n (mod 4), we have that b n (p) = 0. 

Corollary 1.3. Let p > 3 be a prime, and r G N. If p = 1 (mod 4), Zet re 
and y 6e integers such that p = x 2 + y 2 . Denote by D 3 (n) = A 3 (n — 1) — 
16A 3 (n — 2). Then the following congruences hold 
(1.2) 

A 3 (mp r -l)-6 1 (p)A 3 (mp r ~ 1 -l)+ p 4 A 3 (mp r - 2 -l) =0 (modp r ), 
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(1.3) 

D 3 (mp r -l)-b 1 (p)D 3 (mp r ~ 1 -l)+^— ) p A D 3 {mp r ~ 2 -l) = (mod p r ~"'* ). 
In particular, we have 

(1.4) A 3 (p-1) 

(1.5) D 3 (P-1) 

For integers n > 1 and m > 0, define the sequences B n (m) and C n (m) 
by the following identities 

6n— 1 co 



16a; 4 (mod p) 


ifp = 


1 


(mod 4), 


(mod p) 


ifp = 


3 


(mod 4). 


^x 4 (mod p) 


z/p = 


1 


(mod 4), 


(mod p) 


i/p 


3 


(mod 4). 



-, \ tm—i oo 

-,-;l,16t =J2 B n(m)t m , 

\ 6n— 3 oo 

^;l,16t =^C B (m)r. 



m=0 

Corollary 1.4. For n G N and a prime p > 2, we have that B n (p — 1) = 
(mod p), if p = (— l) n+1 (mod 4). Moreover, C n (p — 1) = (mod p) 
p = (-l) n (mod 4). 

Example. Let p > 2 be a prime. Consider the coefficients of 2 F\ (|, |; 1, 16i) 2 . 
The corresponding modular form 

/1 1 x4 oo 

I(r)(l - 16Z(r)) 2 Fi ~, -; 1, 16/(r) = $>l) fc (a 3 (A;/2) - *,(*)) <? fc 
^ ' fe=i 

is an Eisenstein series whose p th Fourier coefficient is = 1 mod p (if k is odd, 
we define a 3 (k/2) to be 0). Hence Lemma [4.21 implies 

^/2AA 2 /2(p-l-fc)\ 2 



fc=0 

i 



fp-iy 

or equivalently I p _ 1 J = 1 (mod p). 
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3. Modular forms for A 
3.1. Preliminaries. Let 

oo 

(3.1) V(r) = - 

n=l 

be a Dedekind eta function (recall q = e nlT ). As we mentioned in the 
introduction 



(3.3) 1 - l«(r) = "(-/ 2 ) 16 "( 2 -) 8 



r/(r) 



21 



are modular functions for A. They are holomorphic on H, and Z(r) 7^ 0, 1/16 
for all r € H. 

Modular curve X(2) has three cusps: 0, 1, and 00. As functions on X(2), 
1{t) and 1 — 161 (r) have simples poles at 00 and zeros of order 1 at cusps 
and 1 respectively. 

It is well known that 



3.4) 6(t) = , \: , u 

is a modular form of weight 1 for A. It has a zero at cusp 1 of order 1/2 
(cusp 1 is irregular). 

We will later need the following dimension formula for the spaces of cusp 
forms. Let T be a finite index subgroup of SL 2 (Z) of genus g such that 
—I ^ T. For k odd, [8, Theorem 2.25] gives the following formula for the 
dimension of Sk(T) 

1 1 j - 1 

(3.5) dim5 fe (r) = {k- \){g - 1) + ~{k - 2)r x + -(k - l)r 2 + 



where r% is the number of regular cusp, r 2 is the number of irregular cusps, 
and e^s are the orders of elliptic points. Since A has no elliptic points (it is 
a free group), it follows that dim 5 5 (A) = 1. 

3.2. Identities. In this subsection we list some technical facts and identi- 
ties which will be used later in the proofs of the theorems. The proofs of 
these statements are straightforward, so detail are ommited. 
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Lemma 3.1. Let 



DC 



*(r) = (1 - 1QI(t)) 1/2 1 2 (t)6(t) 6 = q 2 + ^ a(m)q 2m . 



m=2 



Then, ^(r) G S , 6(r (4)) is a newform. Moreover a(2) = 0, hence the co- 
efficients of the Fourier expansion of ^(r) in q are supported at integers 
congruent to 2 mod 4. 

Lemma 3.2. The following identity holds 

rKr/2 + 1/2) n{rf 



n(r/2) V (t/2)^(2tY 

Proof. It follows from the product formula (13. ip for Dedekind eta function. 

□ 



The following lemma follows from the previous lemma and equations (13.3 
and (ETljl . 



Lemma 3.3. We have that 



t±±2 = (i _ l^r)) 1 ' 2 . 



6{r) 

Denote by D = X-j- = q4-. We will need the following curious identities. 

J tti dr ^ dq ° 

Lemma 3.4. The following equality holds 

~Y2 Di (effis) ={1 ~ ml ( T Mr)0(r) 5 ~ 108(1 - 1QI(t)) 2 1(t) 2 6(t) 5 . 

Proof. By Bol's theorem [2J, the lefthand side of the equality is a weakly 
holomorphic modular form of weight 5 for group A. One checks that the 
initial Fourier coefficients of the both sides of the equality agree, hence the 
lemma follows. □ 

Lemma 3.5. The following identity holds 

D(l(r)) = l(r)(l-m(r))6(r) 2 . 

Proof. By Bol's theorem j2], D(1(t)) is a weakly holomorphic modular form 
of weight 2. The initial Fourier coefficients of both forms agree, hence the 
claim follows. □ 



4. Proofs of the theorems 
4.1. Proof of Theorem 11.11 and Theorem 11.21 
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Proof of Theorem \l.l[ It is easy to check that h n {r) vanishes at cusps (see 
Section El]). Denote by v(t) = 6(t) 12 (1 - 16/(r))/(r) 4 . If n = 2k is even, 
then h n {r) = ^(r)z/(r) fc . From Lemma [3.11 it follows that z/(r) has Fourier 
coefficients supported at integers that are congruent mod 4. Since 6{r) = 
X^o 7 " 2 ^)^ nas a P ro P er ty that r 2 (4j — 1) = for j G N, the claim follows. 

If n = 2k + 1 is odd, then h n {r) = /i 1 (r)z/(r) A: . Therefore, it is enough 
to prove the statement of the theorem for hi(r). Since, by Lemma 13-H 
the Fourier coefficients of #(r) 6 (l — 16/(r)) 1 / 2 /(r) 2 are supported at integers 
that are congruent to 2 mod 4, it follows that the coefficients of 6(t) 7 (1 — 
16Z(r)) 1/ ' 2 Z 2 (r) are supported at integers congruent to 3 mod 4. The same 
is true for the coefficients of hi (r) since Lemma 13.11 and Lemma 13.31 imply 
that 

h^r) = 6(r + 1) 7 (1 - 16/(r + l)) 1/2 /(r + l) 2 . 

□ 

Proof of Theorem \1.2i a) It is easy to check that /i(t) is a cusp form (see 
Section I3~T|) . The space of cusp forms 65(A) is one dimensional (see equation 
(13. 5p ). Since it contains a CM modular form with the stated properties, the 
claim follows. 

b) It follows from Lemma 13.41 

c) Same as the proof of Theorem 11.11 □ 

4.2. Proof of Corollary 11.31 and Corollary 11.41 We need the following 
result of Beukers [1] . 

Proposition 4.1 (Beukers). Let p be a prime and 

00 

n=l 

a differential form with b n G Z p . Let t(q) = J^^Li A n q n ,A n G Z p , and 
suppose 

00 

u{t{q)) = Y,Cnq n ~ l dq. 

n=l 

Suppose there exist a p , (3 P G Z p with p\(3 p such that 

b mp r - a p b mpr -i + (3 p b mp r-2 = (mod p r ), Vm, r G N. 

Then 

c mp r — a p c mp r-\ + (3 p c mp r-2 = (mod p r ), Vm, r G N. 
Moreover, if A\ is p-adic unit then the second congruence implies the first. 
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Lemma 4.2. Define a differential form 

oo 

u{t) = Kt^dt, 

n=l 

where b n £ Z p . Let t(q) = X^°=i ^-n(f ' , with A n G Z p and Ai = 1. Define 

oo 



n=l 



For a prime p, we have that b p = c p (mod p) . 
Proof. We have that 

±^ = T q 

n=l \n=l / 

Hence c„ mod p is equal to the (p — l) th coefficient of -7- I —t(q) p I j which 

dq\p J 

is 6 p . □ 

Proof of Corollary I 1.31 Since /i(r) is an eigenform for the Hecke operator 
T p , the assumptions of Proposition 14.11 are satisfied for c n = bi(n), b n = 

A 3 (n - 1), a p = h{p), P P = (jf) P 4 \ and t(q) = 16/(r). The formula (TL2]) 
follow from identity 



1 1 



DiKr))^ \ -, -; 1, 16i(r) I = A(r), 

(which is a consequence of equation (II. ip and Lemma [3. 5ft . 

To prove (jl.3p we use Theorem 11.21 b) to establish three term congruence 
relation from Proposition 14. II between coefficients Ci(np r ) (because there is 
one satisfied by 6 1 (rap r )'s). Note that assumptions of Proposition 14.11 are 
satisfied if we take, when p = 3 (mod 4), c n = ci(n), b n = D 3 (n — 1), 

a p — bi(p), P = (jf) P 4 ) an d t{<l) — 16/(r) (since then b(p) = 0). 

If p = 1 (mod 4), we need to take c n = pc\(n), b n = pD 3 (n — 1), a p — 

b%(p), (3 p = P 4 > anc ^ *(^) = -^(t), hence we get a congruence relation 
weaker for one power of p. 

Formulas ( 11.41) and ( 11. 51) follow from Lemma 14.21 with the choice of pa- 
rameters as above. 

□ 

Proof of Corollary \1.4\ We apply Lemma fl~2l to cusp forms f n (j) and h n (r), 
where we choose t(q) to be the inverse of l(q) under composition. The claim 
follows from a n (p) — b n (p) — 0. □ 
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